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Abstract
In the era of precision cosmology, the cosmological constant Λ gives quite an accurate description of the evolution of
the Universe, but it is still plagued with the fine-tuning problem and the cosmic coincidence problem. In this work, we
provide a scalar field model that will provide the recent acceleration very much like the cosmological constant and will
have dark energy (DE) density comparable to dark matter (DM) energy density at the recent epoch starting from arbitrary
conditions. The perturbations show that this model, though it keeps the virtues of a ΛCDM model, has a distinctive
quantitative feature, particularly it reduces the amplitude of the matter power spectrum on a scale of 8h−1 Mpc, σ8 at the
present epoch.
PACS: 98.70.Vc, 04.25.Nx
1 Introduction
The recent cosmological observations using various independent observational data like the Type Ia supernovae (SNe Ia)
measurements[1, 2, 3, 4], cosmic microwave background (CMB) [5, 6], Particle Data Group[7], large scale structure (LSS)
[8, 9, 10] show that the Universe is expanding with acceleration for the past several Giga years. An exotic component
called ‘dark energy’ (DE), in the Universe, can help overcome the attractive nature of gravity and make matter move
away from each other at a faster rate. To drive the acceleration of the Universe, the pressure (p) of the DE must be
sufficiently negative, making its ratio with the energy density (ρ) at least less than − 13 (p/ρ = w < −1/3). A non-zero
cosmological constant Λ is undoubtedly the most preferred one[11, 12, 13, 14, 15, 16, 6]. A scalar field with potential
[17, 18, 19, 20, 21, 22, 23, 24, 25, 26] is the next popular choice. Other well-known options include Holographic Dark
Energy[27, 28, 29], Chaplygin gas[30, 31, 32], phantom field[33, 34, 35], quintom model[36, 37] (where w evolve to
mimic the phantom fluid) among many others. There are excellent reviews [38, 39, 40, 41] that summarise the merits and
problems of these candidates.
The cosmological constant with cold dark matter (ΛCDM) model is plagued with problems like the fine-tuning
problem[11, 38], the coincidence problem [42, 43]. The fine-tuning problem is that the initial conditions are needed
to be set to an exact value so that the cosmological constant term dominates at the current epoch. The coincidence prob-
lem is related to the question why the energy densities of dark matter and dark energy are of the same order of magnitude
at the present epoch. These problems in the ΛCDM model has forced us to look for other candidates that can drive the
acceleration. A scalar field rolling down a slowly varying potential not only gives rise to acceleration but also allevi-
ates the cosmological coincidence problem. Such a scalar field dubbed ‘quintessence’ has been studied extensively in
the literature[44, 45, 46, 47, 48, 49, 50, 51, 52, 53]. The scaling quintessence model[45, 48] where the energy density
of the scalar field maintains a constant ratio with the energy density of the dominant component of the background can
solve the initial condition problem but cannot produce enough negative pressure to drive the acceleration. Sahni and
Wang[54] have put forward the cosh potential, and Barreiro et al.[55] have put forward the double exponential potential
such that the energy density of the scalar field changes at late time and can produce an accelerated expansion. Albrecht
and Skordis[56] developed an interesting model from string theory where the scalar field enters a regime of damped os-
cillations with w→−1 leading to an acceleration. On the other hand, the tracking quintessence models[50] can give rise
to the acceleration with a higher value of w, such as −0.6[57] or −0.8[58].
To construct a model without the problem of fixing the initial condition, the scaling potential or the tracking potential
is a natural choice. As already stated, the scaling solution does not give acceleration, whereas the best-known tracking
potentials cannot have w ' −1. The motivation of this work is to have a dark energy model that, though evolving, will
have acceleration similar to the ΛCDM model. For that, we have considered a scalar field model with a potential such
that it will have an accelerated expansion with w=−1 as well as have current energy density comparable to that of dark
matter independent of the initial conditions. We engineered the model such that the scalar field ϕ will be subdominant
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as tracking dark energy at early times and start to dominate as a cosmological constant in the recent past driving the
acceleration. The presence of a scalar field from early times will have its imprints on the growth of perturbations and
hence on the large scale structures of the Universe. The scalar field will evolve throughout the history of the Universe, and
unlike ΛCDM, will have fluctuations similar to the other matter components. These fluctuations will affect the formation
of structures[59] and can also cluster on their own [60, 61]. Thus, structure formation will help break the degeneracy
between the ΛCDM model and our scalar field model (ϕCDM). It must be mentioned that the motivation of this work
is not to unify inflation and dark energy and we will consider the evolution of the ϕCDM long after the completion of
inflation.
The paper is organised as follows. Section 2 discusses the scalar field model, section 3 deals with the relevant equations
of the scalar field perturbation. The evolution of the density contrast is discussed in section 3 along with the CMB
temperature fluctuation, matter power spectrum, linear growth rate and fσ8. Lastly, in section 4, we summarise the
results.
2 The scalar field model
We consider a homogeneous and isotropic Universe with spatially flat constant time hypersurface, described by the well-
known Friedmann-Lemaıˆtre-Robertson-Walker (FLRW) metric as,
ds2 = a2(τ)
(−dτ2+δi jdxidx j), (1)
where a(τ) is the scale factor and the conformal time τ is related to the cosmic time t as a2dτ2 = dt2. The Universe
is filled with non-interacting fluids, namely photons (γ), massless neutrinos (ν), baryons (b), cold dark matter (c) and a
scalar field (ϕ) with a potential V (ϕ) acting as dark energy. The Friedmann equations are given as
3H 2 = −a2κ∑
i
ρi , (2)
H 2+2H ′ = a2κ∑
i
pi , (3)
where κ = 8piGN (GN being the Newtonian Gravitational constant),H (τ) = a
′
a is the conformal Hubble parameter and
prime (′) denotes the derivative with respect to the conformal time. The energy density and pressure of each component
are respectively ρi and pi, where i = γ,ν ,b,c,ϕ . The equation of state (EoS) parameter is given as wi = piρi . For the
photons and neutrinos, wγ = wν = 1/3 , for baryons and CDM, wb = wc = 0 . For the scalar field, ρϕ = 12a2ϕ
′2 +V (ϕ)
and pϕ = 12a2ϕ
′2−V (ϕ) and the EoS parameter is given by
wϕ =
pϕ
ρϕ
=
1
2a2ϕ
′2−V (ϕ)
1
2a2ϕ
′2+V (ϕ)
= 1− 2V (ϕ)
ρϕ
. (4)
The Klein-Gordon equation can be obtained as a consequence of Bianchi identities as
ϕ ′′+2H ϕ ′+a2
dV
dϕ
= 0 . (5)
It is clear from the expression (4) that wϕ has an evolutionary history and ranges between −1 ≤ wϕ ≤ 1 for a real
scalar field and a positive definite V (ϕ). When the kinetic energy (EK = ϕ
′2
2a2 ) is dominant with a negligible potential
energy (EP = V (ϕ)), the scalar field behaves as a stiff fluid with wϕ = 1, and when EP dominates with a negligible EK ,
it gives rise to a cosmological constant with wϕ =−1. Thus, the behaviour of the scalar field and hence the evolution of
the Universe depends on the form of the potential. For the recent accelerated expansion of the Universe, the scalar field at
late time should roll sufficiently slowly along the potential such that EK  EP.
For this work, the potential is constructed to be a hybrid one, as the sum of an exponential potential and a constant
potential, shown in figure (1). The exponential potential will rescue from fine-tuning of the initial condition while the
constant one will provide the slow-roll condition and drive the recent acceleration. The potential is written as,
V (ϕ) =V0 e−λκϕθ(−ϕ)+V0 θ(ϕ) , (6)
where θ(ϕ) is the Heaviside theta defined as
θ(ϕ) =
{
0 ϕ < 0,
1 ϕ ≥ 0. (7)
Here V0 is a constant. The exponential potential has been studied extensively in the literature[44, 45, 46, 47]. As shown
by Copeland et al.[48], the exponential potential has two attractor solutions,
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Figure 1: Plot of the potential V (ϕ) in units of Gev4 against ϕ/κ with V0 = 2.4990×10−47 Gev4 and λ = 13.6 (dashed
line), λ = 14.0 (solid line) and λ = 14.4 (dashed-dot line). Changing V0 will change Ωϕ 0 .
(a) where the scalar field follows the evolution of the dominant background fluid withwϕ =wD andΩϕ = 3(1+wD)/λ 2
with the condition λ 2 > 3(1+wD), wD being the EoS parameter of the background fluid and Ωϕ is the energy
density parameter (defined later). This solution is called the scaling solution[45, 46] and
(b) where the scalar field acts as the dominant energy component with wϕ =−1+λ 2/3 and Ωϕ = 1 with the condition
λ 2 < 3(1+wD).
The attractor (a) allows the scalar field energy density to maintain a constant ratio with the background component starting
from any initial condition. The attractor (b) allows cosmic acceleration for λ 2 < 2. As λ is a constant, the scalar field
cannot exit the scaling regime (a) and approach (b) to give an accelerated expansion. As mentioned earlier, solution to this
problem was provided by Sahni and Wang[54] with the (coshϕ−1)α potential and Barreiro et al.[55] with the double
exponential potential.
For the scalar field to leave the scaling regime and drive an accelerated expansion at a late time, the present model
allows the potential to attain a constant value, V0. A constant potential will allow the scalar field to slow-roll and have
an EoS parameter wϕ = −1. The advantages of this potential (6) is that at late time wϕ = −1 irrespective of the model
parameters λ and V0 or initial conditions and the fraction of dark energy density present today, Ωϕ0 depends on the
height of the slow-roll region, V0 only. The constraint on the parameter λ comes from Big Bang Nucleosynthesis (BBN)
condition [47, 48, 46],
Ωϕ
(
a∼ 10−10). 0.09 . (8)
ConsideringV0 = 2.4990×10−47 Gev4 and λ = 14.0 with the parameters given in table 1 gives Ωϕ
(
a∼ 10−10)= 0.0235
and Ωϕ(a= 1) = 0.6841. Here we are not going into the details on the possible ranges of initial conditions that will allow
tracking as that is similar to standard exponential potential as in [44, 47, 48, 46]. For the study of detailed dynamics of the
scalar field during tracking region we refer to [62]. For our calculation we have considered ϕi = − 8.99κ at ai = 10−23. It
turns out that ϕ = 0 at a= 0.15339 (for the values ofV0 and λ chosen), where the potential changes its role from a scaling
potential to effectively a cosmological constant. The dimensionless density parameter, Ωi is given by ρi3H2/κ where the
suffix i stands for the i-th component and H is the Hubble parameter defined with respect to the cosmic time t and the
dimensionless Hubble parameter at the present epoch is defined as h= H0
100 km s−1Mpc−1
.
Table 1: Values of background parameters from Planck 2018[6].
Parameter Value
Ωbh2 0.0223828
Ωch2 0.1201075
H0
[
km s−1Mpc−1
]
67.32117
The evolution of the energy density parameters,Ω of radiation (r≡ γ+ν), matter (m≡ b+c) and scalar field (ϕ)with
the scale factor, a in logarithmic scale are shown in figure (2a) and that of the deceleration parameter q = −
(
aa′′
a′2 −1
)
with a in figure (2b) for λ = 14.0 . Figure (2) shows that though wϕ = −1 at the present epoch, the evolution dynamics
of the Universe is different from the ΛCDM model. The scalar field model, henceforth called ϕCDM, gives accelerated
expansion at a little higher value of a compared to the ΛCDM model.
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Figure 2: (a) Plot of density parameter Ω against scale factor a in logarithmic scale where the role of dark energy is
played by a scalar field (ϕ) in presence of photons (γ), neutrinos (ν), baryons (b), cold dark matter (c). For simplicity,
only radiation (r ≡ γ + ν) and matter (m ≡ b+ c) are shown along with ϕ , labelling the model as ϕCDM. (b) Plot of
deceleration parameter q against scale factor a for ϕCDM (solid line) and ΛCDM (dashed-dot line). Only λ = 14.0 is
considered here.
3 The perturbations
The scalar field model given by equation (6) can have fluctuations and thereby affect the evolution of perturbations of
other components. The scalar perturbation equations in synchronous gauge are considered in the present work and the
differential equations are solved using the suitably modified version of the Boltzmann code CAMB1[63]. To study the
dependence on model parameter on the fluctuations, we varied λ only (varying V0 will change Ωϕ 0).
3.1 Effect on density perturbation
The scalar perturbation of the FLRW metric takes the form[64]
ds2 = a2(τ)
{−(1+2φ)dτ2+2∂iBdτ dxi+[(1−2ψ)δi j+2∂i∂ jE]dxidx j} , (9)
where φ ,ψ,B,E are gauge-dependent functions of both space and time. In synchronous gauge φ = B = 0, ψ = η and
k2E =−h/2−3η . The perturbation equations in the matter sector are
δ ′i + kvi+
h′
2
= 0, (10)
v′i+H vi = 0, (11)
where δi = δρi/ρi is the density contrast and vi is the peculiar velocity of i-th (i= b,c) fluid. Assuming there is no
momentum transfer in CDM frame, vc is set to zero. For the details of this set of equations, we refer to the works
[65, 66, 67, 68].
The perturbation δϕ in the scalar field has the equation of motion
δϕ ′′+2H δϕ ′+ k2δϕ+a2
d2V
dϕ2
δϕ+
1
2
ϕ ′h′ = 0, (12)
in the Fourier space with wavenumber k. The perturbation in energy density δρϕ and pressure δ pϕ are given as
δρϕ = −δT 00(ϕ) =
ϕ ′δϕ ′
a2
+δϕ
dV
dϕ
, (13)
δT j0(ϕ) = −
ik jϕ ′ δϕ
a2
, (14)
δ pϕδ ij = δT
i
j(ϕ) =
(
−ϕ
′δϕ ′
a2
−δϕ dV
dϕ
)
δ ij, (15)
when expanded in the Fourier modes and δT µν(ϕ) is the perturbed stress-energy tensor of the scalar field.
For an adiabatically expanding Universe, the sound speed is c2s,ϕ = p
′
ϕ/ρ ′ϕ . Using the Klein-Gordon equation (5), the
adiabatic sound speed[69, 62] for the scalar field reads as
c2s,ϕ =−
1
3
− 2ϕ
′′
3H ϕ ′
= 1+
2a2
3H ϕ ′
dV
dϕ
. (16)
1https://camb.info
4
10−6 10−5 10−4 10−3 10−2 10−1 100
a
10−6
10−4
10−2
100
102
104
105
δ m
(a) λ = 14.0
ϕCDM
k = 1.0h Mpc−1
k = 0.1h Mpc−1
k = 0.01h Mpc−1
10−6 10−5 10−4 10−3 10−2 10−1 100
a
−1.2
−0.8
−0.4
0.0
0.4
0.6
δ ϕ
(b) λ = 14.0
ϕCDM
k = 1.0h Mpc−1
k = 0.1h Mpc−1
k = 0.01h Mpc−1
Figure 3: (a) Plot of the matter density contrast δm against a. Both the axes are in logarithmic scale. (b) Plot of scalar
field density contrast δϕ against a in logarithmic scale. The solid line represents k = 1.0h Mpc−1, dashed line represents
k = 0.1h Mpc−1 and dashed-dot line represents k = 0.01h Mpc−1 with λ = 14.0.
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Figure 4: Plot of the matter density contrast δmδm0,ΛCDM against a in logarithmic scale for ϕCDM with λ = 13.6 (solid line
with solid circles) and λ = 14.0 (solid line) and ΛCDM (dashed-dot line) for k = 0.1h Mpc−1. The difference in the
growth of δm for ϕCDM and ΛCDM is prominent in the recent past, hence a is from 10−3.
In order to solve the perturbation equation (12), the second derivative of the potential is written in terms of the sound
speed c2s,ϕ as
d2V
dϕ2
=
3
2
H 2
a2
[
c2 ′s,ϕ
H
− 1
2
(
c2s,ϕ −1
)(
3c2s,ϕ +5
)
+
H ′
H
(
c2s,ϕ −1
)]
. (17)
The sound speed, c2s,ϕ is constant in the different phases of evolution, like in the scaling regime c
2
s,ϕ = wϕ = wD and in
the slow-roll regime c2s,ϕ = 1. We shall henceforth take it to be described by equation (16) but neglect its derivative, c
2 ′
s,ϕ
[62] in equation (17). The perturbation equations (10) and (11) are solved along with equations (12), (13) and (14) with
adiabatic initial conditions and k = [1.0,0.1,0.01]h Mpc−1 using CAMB.
Figure (3a) shows the variation of the density contrast, δm = δρm/ρm for the cold dark matter (c) together with the
baryonic matter (b) and figure (3b) shows the variation of the density contrast δϕ = δρϕ/ρϕ of the scalar field against a
in logarithmic scale for k = [1.0,0.1,0.01]h Mpc−1. In the matter dominated era, the modes of δm grow in a very similar
fashion. The modes of δϕ oscillate rapidly with decreasing amplitude after entering the horizon. Figure (4) shows the
evolution of the matter density contrast δm, for ϕCDM and ΛCDM. For a better comparison, δm for both the models have
been scaled by δm0 = δm(a= 1) of ΛCDM. It can be seen that there is a difference in the growth of δm in the two models
(ϕCDM and ΛCDM) and it is almost independent of λ for ϕCDM.
3.2 Effect on CMB temperature, matter power spectra and fσ8
For more insight into the effect of the scalar field ϕ on different physical quantities, we look at the CMB temperature
spectrum, matter power spectrum and fσ8. The CMB temperature power spectrum is given as
CTTl =
2
k
∫
k2dkPζ (k)∆2T l(k), (18)
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Figure 5: (a) Plot of CMB temperature power spectrum in units of µK2 with the multipole index l in logarithmic scale.
(b) Plot of matter power spectrum P(k) in units of
(
h−1Mpc
)3 with wavenumber k in units of hMpc−1. Both the axes are
in logarithmic scales in (b). The solid line with solid circles represents ϕCDM with λ = 13.6 and solid line represents
λ = 14.0 while the dashed-dot line is for ΛCDM at a= 1.
where Pζ (k) is the primordial power spectrum, ∆T l(k) is the temperature transfer function and l is the multipole index.
For the detail calculation of the CMB spectrum we refer to [70, 71]. The matter power spectrum is given as
P(k,a) = As knsT 2 (k)D2 (a) , (19)
where As is the normalizing constant, ns is the spectral index, T (k) is the matter transfer function and D(a) =
δm(a)
δm(a=1) is
the normalized density contrast. For the detail calculation we refer to [72]. TheCTTl and P(k,a) are computed numerically
using CAMB. The values As = 2.100549×10−9 and ns = 0.9660499 are taken from Planck 2018 data[6]. Figure (5a) shows
that the CMB temperature power spectra,CTTl are almost independent of the values of the model parameter λ . For clarity
of the plots only two values of λ are given. The presence of the scalar field ϕ decreases the matter content of the Universe
slightly during matter domination making the amplitude of first two peaks of the CMB spectra marginally higher than
that in the ΛCDM model. The scalar field also lowers the low-l CMB spectra through the integrated Sachs-Wolfe (ISW)
effect. A lesser amount of matter leads to a marginally lower matter power spectra at small scales (figure (5b)). Both these
figures are for the present epoch.
To differentiate the ϕCDM and ΛCDM decisively, we have studied the linear growth rate,
f (a) =
d lnδm
d lna
=
a
δm(a)
dδm
d a
. (20)
Observationally the growth rate is measured using the perturbation of the galaxy density δg, which is related to the matter
density perturbations δm as δg = bδm, where b ∈ [1,3] is the bias parameter. The estimate of the growth rate f is sensitive
to the bias parameter, and thus not very reliable. A more dependable observational quantity is the product f (a)σ8(a)[73],
where σ8(a) is the root-mean-square (rms) fluctuations of the linear density field within the sphere of radius R= 8h−1 Mpc.
The rms mass fluctuation can be written as σ8(a) = σ8(1) δm(a)δm(1) , where σ8(1) is the value at a= 1 (table 2), calculated by
integrating the matter power spectrum over all the wavenumber k using CAMB. Thus, the combination becomes
Table 2: Values of σ8 at a= 1 for the ϕCDM and ΛCDM models.
Model λ σ8
13.6 0.7548
ϕCDM 14.0 0.7581
14.4 0.7611
ΛCDM −− 0.8123
fσ8(a)≡ f (a)σ8(a) = σ8(1) aδm(1)
dδm
d a
. (21)
Since fσ8 measurements provide a tighter constraint on the cosmological parameters, it will give a better insight into
the growth of the density perturbations. We have studied the variation of f and fσ8 with redshift z for three different
values of λ . Redshift z is related to the scale factor a as z = a0a − 1, a0 being the present value (taken to be unity). The
linear growth rate f and fσ8 are independent of the wavenumber k for low redshift. As the fσ8 analysis is valid for
z ∈ [0,2], the redshift from z= 0 to z= 2 are considered here.
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Figure 6: Plot of (a) linear growth rate f and (b) fσ8 against redshift z. The dashed line represents ϕCDM with λ = 13.6,
solid line represents λ = 14.0 and dashed-dot-dot represents λ = 14.4 while the dashed-dot line is for ΛCDM.
The linear growth rate f is same for all the models at low redshift (figure (6a)). The difference in matter power
spectrum is manifested in its amplitude σ8 as given in table (2) and hence in fσ8 as in figure (6b). It is interesting to
note that there is a substantial difference in the fσ8 variation for the different models that is not observed in the CMB
temperature and matter power spectra. It must be noted that making λ high enough will give higher value of σ8 and hence
fσ8 but that will increase the age of the Universe as well, which is around 13.797± 0.023 Giga years according to the
recent Planck 2018 data[6]. Thus, a low σ8 can be said to be the characteristic distinguishing feature of the present model
from ΛCDM.
4 Summary and discussion
The motivation of the present work is to construct a dynamical dark energy model that will alleviate the initial condition
problem associated with the cosmological constant and leads to an EoS parameter wϕ =−1 at the present epoch thereby
retaining the virtues of the ΛCDM model. A scalar field with an exponential potential at early times and a constant
potential at late times appears to serve the purpose. At early times the scalar field energy density tracks the dominant
component of the background fluid and later on starts to roll sufficiently slowly to drive the accelerated expansion of the
Universe. That wϕ =−1 for the present epoch is independent of the choice of the model parameters, and the present dark
energy density parameter Ωm0 is dependent only on the height of the constant potential, V0.
Linearized scalar perturbations of the FLRW metric in synchronous gauge are studied using our modified CAMB. The
growth of matter density contrast, δm is similar to the ΛCDM model. The linear growth rate f , which is the logarithmic
derivative of δm with respect to a is same for both the models. The presence of the scalar field slightly decreases the matter
content of the Universe during the evolutionary history. This decrease in matter content is manifested in the matter power
spectrum and even more clearly in the evolution of the fσ8. Thus, fσ8 helps in breaking the degeneracy between the
present model and the standard ΛCDM. Another interesting result is that the decrease in the rate of clustering decreases
the variance of the linear matter perturbation, σ8. The σ8 obtained here is more towards the side of the value obtained
from the galaxy cluster counts using thermal Sunyaev- Zel’dovich (tSZ) signature[6], σ8 = 0.77+0.04−0.03 rather than the value
obtained from Planck spectrum[6], σ8 = 0.811±0.006.
It can be said quite conclusively that this scalar field model resolves the initial condition problem, produces late-time
acceleration with wϕ = −1 as predicted by the recent data as well as decreases rms mass fluctuation σ8. This model is
also successful in the context of the structure formation in the Universe. Thus, the potential constructed in this work can
successfully describe the evolution of the Universe. It will be interesting to check if such a potential can also be arrived at
from other physical considerations.
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